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In� uence of Curvature-Driven Favorable Pressure Gradient
on Supersonic Turbulent Boundary Layer
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The in� uence of awall curvature-drivenfavorablepressure gradienton the turbulentand mean� ow properties of
a Mach 2.9 boundary layer (Rex = 1:23 ££ 107) were investigated using laser Doppler velocimetry. A zero-pressure-
gradient boundary layer (Rex = 1:35 ££ 107 ) was also mapped for comparative purposes. In addition to the typical
mean and turbulent statistical properties, the data in this study were acquired with the speci� c goal of resolving
the mean strain rates in all three coordinate directions; these data allowed for measurement of the extra Reynolds
shear-stress production terms. The maximummagnitudeof the distortionwas 0.1,which indicated that the pressure
gradient was strong. The expected stabilizing effect on the turbulence intensities was observed. Near the wall, the
kinematic Reynolds shear stresses were reduced by approximately 75%. Above y/± ¼¼ 0:4 the favorable pressure
gradient induced a negative Reynolds shear stress, whereas the main strain rate remained positive. The reduced
shear-stress levels were attributed to negative overall production and the use of a body-intrinsic coordinate system
for data collection.

Nomenclature
d = probe diameter or boundary-layerdistortion,e/ (@ū / @y)
e = extra strain rate
Fl = � atness
M = Mach number
Re = Reynolds number
Sk = skewness
s = arc length
u, v, w = velocity components in x , y, z directions
u ¤ = friction velocity, [( s w / q w )1/ 2]
u + = u / u ¤

c u = intermittency function
D ( ) = uncertainty in units plotted
d ¤

I = velocity displacement thickness
d u = velocity boundary-layer thickness
d 0 = boundary-layer thickness before start of wall curvature
h t = velocity momentum thickness
q = density
r = turbulence intensity
s w = wall shear stress
s x y = incompressibleReynolds shear stress

Subscripts

e = value at edge of boundary layer
ts = test-section coordinate system
u, v = measurement in u or v direction
w = value at wall
0 = total (stagnation) value and value before wall curvature

( d 0, u 0
0 , v 0

0)
1 = value in body intrinsic coordinate system
1 = freestream value
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Superscripts

T = turbulent property
0 = � uctuation from Reynolds-averagedmean
+ = viscous length scale ( q w u ¤ Length/ l w )
¯h i = Reynolds-averagedmean

Introduction

H IGH-REYNOLDS-NUMBER supersonic � ow over curved
walls has many practical applications; however, detailed ex-

perimental investigations of the effects of streamline curvature-
driven pressure gradients on the turbulent � ow properties are
scarce.1 The lack of data has, in turn, led to a lack of understand-
ing of the � ow physics that govern supersonic turbulent boundary
layers.

Although the � ow physics associatedwith a supersonicturbulent
boundary layer subjected to a pressure gradient are not fully under-
stood, many of the salient features have been well characterized.1– 3

For example, many of the observed differences between distorted
supersonic and subsonic boundary layers can be explained in terms
of the � uid propertychangesacross the boundarylayer.1 , 2 However,
supersonic � ows possess phenomena that do not have incompress-
ible counterparts. For example, wave (expansion or compression)
boundary-layer interactions, where the longitudinal pressure gra-
dients can lead to compression or dilatation, which in turn affect
the velocity, pressure, and density � uctuations, are not present in
subsonic � ow.

When a streamwise favorable pressure gradient is imposed on a
supersonicboundarylayer, the � ow is distortedbyboth the effectsof
pressuregradient and by bulk dilatation.The ratio of the extra strain
rates to the primary @ū / @y velocity gradient,3 called the distortion
parameter,hasbeenusedas a convenientmeans to classifya pressure
gradient.A distortionis generallyconsideredmild if dmax ¼ 0.01and
strong for dmax ¼ 0.1 (Ref. 1). If the distortion is applied for a time
that is comparable to an eddy lifetime, then the impulse parameter
I , the time-integrated strain rate, may be a better choice.2 For an
impulsiveperturbationresulting from a region of bulk compression,
I p = ( p2/ p1) / c (Refs. 2 and 4). For an impulse as a result of
curvature, I u = D u (Ref. 5). Even though the interactions between
the strain rates are most likely nonlinear, the linear addition of the
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perturbation strengths is usually accepted for crude comparisons
among different � ows.2

Although few turbulence measurements have been made for the
title � ow, the mean � ow features have been well documented.1 For
a supersonic boundary layer where the subsonic region is small
compared to the boundary-layer thickness, the favorable pressure
gradient causes the skin friction to decrease and the boundary-layer
thickness to increase, where the opposite trend occurs for adverse
pressure gradients. As discussed in Ref. 1, this counterintuitivebe-
havior arises in supersonic � ow as a result of the density decreasing
more rapidly than the velocity increases through the pressure gra-
dient region.

Collectively,theavailableturbulencedata6 – 10 indicatethat the ax-
ial turbulence intensities decrease by 70–90% for Ip and I u values
2 ( ¡ 0.4, ¡ 1.0) and ( ¡ 0.1, ¡ 0.3), respectively.1 , 2 Because of the
reduction in the � uctuating properties, as well as reductions in the
skin friction and heat transfer, favorablepressuregradientsare often
characterizedas having a stabilizingeffect. Thomann7 also demon-
strated that convex curvature, with the pressure gradient removed,
is also stabilizing.Relaminarizationof part of the boundary layer is
believedpossible if the pressuregradient is strong enough.1 , 8 Smith
and Smits9 and Dussauge and Gaviglio10 estimated, using a rapid
distortionanalysis, that the majorityof the turbulencereductionwas
the result of mean bulk dilatation.

Bradshaw3 reasoned that the mean dilatational strain rate di-
rectly affects the turbulence to an extent much higher than that
expected from the terms in the Reynolds-stress transport equa-
tions that contain the extra strain rates explicitly. He also pro-
posed that when modeling supersonic pressure gradient � ows
with two-equation turbulence models the turbulent energy dissi-

yts =

8
><

>:

0, 0 · xts · 4.32

¡ 0.2078 + 0.0897xts ¡ 9.5 £ 10 ¡ 3x2
ts ¡ 3.6 £ 10 ¡ 5x3

ts , 4.32 · xts · 12.7

¡ 0.65 12.7 · xts · 16.51

;
>=

>;
(1)

pation terms should be divided by a factor given by F =1 + a d.
The constant a is on the order of 10. As noted by Bradshaw, the
factor F is not a law of nature; instead it represents an empirical
correction that has been successfully used to predict the effects of
suddenly applied curvature, lateral divergence, and dilatation.

Of the available reports only the recent results of Arnette et al.11

provide turbulent shear-stress data. Arnette et al. showed that the
overall magnitude of the kinematic Reynolds shear stress was dra-
matically decreased across the entire boundary layer for 7.0 and
14.0 deg centered and gradual expansions. They further de� ned
an apparent reverse transition, where the normal energy transfer
from the mean � ow had been reversed, to describe a sign chang-
ing of the Reynolds shear stress. For the gradual expansions, the
study of Arnette et al.11 provided � ow� eld pro� les at six locations:
three within the expansion and three downstream of the expan-
sion. Although the Arnette et al. study provided detailed turbulence
information throughout the expansion, the axial spacing ( » 2.0–

4.0 cm) was not re� ned enough to resolve the streamwise strain
rates.

The primary objective of the present study was to obtain turbu-
lence measurements and to resolve the mean strain rates with the
goal of providing insight into the physical mechanisms associated
with supersonic streamline curvature-driven pressure-gradient tur-
bulent boundary-layer � ow. To meet this goal, measurements were
acquired across the turbulent boundary layer over a gradual expan-

Fig. 1 Favorable pressure-gradient model and measurement location.

sion (Ip = ¡ 0.47 and I u = ¡ 0.14) at a single locationon a measure-
ment stencil designed speci� cally to resolve the mean strain rates
in all three coordinate directions.

Experimental Facilities and Apparatus
Wind Tunnel and Test Section

Data were collectedin a Mach 3.0 wind tunnel located at Wright–
Patterson Air Force Base. The tunnel was a combination draw-
down/blowdown facility. The upstream total pressure was set at
a constant value of 2.13 £ 105 Pa § 1.0%. The total temperature
was nominally298 K § 1.1%. A 27.46-cm-long(measured from the
throat), � nite radius, half nozzle was used to produce a freestream
Mach number at the nozzle exit of 2.88 with a §1.3% variation
across the test section.The contouredside of the nozzle was located
along the tunnel ceiling. The freestream turbulence intensity was
nominally 0.8% at the nozzle exit. The cross-sectionalshape of the
test section was square, with each side being 6.35 cm in length.

The x , y, and z locations reported throughout this report are de-
� ned in body-intrinsic coordinates, with x running along the ceil-
ing, y everywherenormal to the ceiling,z completingthe right-hand
system, and the origin is located at the wind-tunnel throat along the
spanwise centerline. The favorable pressure-gradient model con-
sisted of a curved ceiling for the test section. Because the main
coordinate system was body-intrinsic, another coordinate system
was needed to describe accurately the curvature of the wall. Thus,
a test-section coordinate system was de� ned based on the wall ge-
ometry upstream of the start of curvature, with xts running in the
streamwisedirectionand yts normal to the tunnel ceiling.The origin
of the test-section coordinate system was located at x =60 cm.

The equation for the wall curvature is given by

The units in Eq. (1) are centimeters.The wall modelwas forgedusing
a computer-controlledmachining device with a rated accuracy of 8
l m. The streamwise contour of the test section ceiling is provided
in Fig. 1.

Data were collected at x =71.52 cm (i.e., 7.20 cm downstream
from the start of curvature) using both the favorable and zero-
pressure-gradientmodels. It has been shown12 that the tunnelbound-
ary layer had reached a state of equilibrium at the downstream
measurement station, i.e., the normalized mean � ow and turbulent
statistics were independent of x location (see the Boundary Layer
History and Uncertainty Analysis Section for more details).

In addition to the main traverse location, measurements were
taken at several additional stations to allow for strain-rate estima-
tion. The measurement stencilwas chosen to allow for second-order
� nite differenceestimates:centraldifferenceswere used in the trans-
verse and spanwise directions, whereas upwind differences were
chosen for the streamwise direction. The additional streamwise lo-
cations were located at x =70.98 cm (s / d 0 =6.7) and 70.44 cm
(s / d 0 =6.2). The spacing for this measurement stencil was nomi-
nally 0.6% of the local wall curvature. Two off-center (§0.5 cm)
pro� les were acquired at x =71.52 cm.

Laser Doppler Velocimetry
The laser Doppler velocimetry (LDV) system was manufactured

by DANTEC, Inc. The laser was an argon-ion laser with a measured
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output capability of 275 mW. The laser was designed to operate in
the TEM00 mode. Two wavelengths of light were used: 514.5 nm
(green) and 488.0 nm (blue). A Bragg cell split each wavelength
into two separatebeams and suppliedone of the two with a 40-MHz
frequency shift. The optics were aligned in a forward scattering
mode (7.0 deg off the z axis). The transmitting optics resulted in
a cylindrical measurement volume that was 0.28 mm in diameter.
However, the receiving optics incorporateda beam expander12 such
that a 0.14-mm-diam portion of the control volume was imaged.
The data were acquired and with DANTEC 57N Enhanced Burst
Spectrum Analyzers. A DANTEC three-dimensional traverse sys-
tem was used to control the position of the measurement volume.
The system had a rated accuracy of §80 l m over a 600-mm range
(0.13 l m/mm).

The seeding apparatus consisted of a TSI, Inc., six-jet atomizer.
Olive oil was chosen as the seed material and was directly in-
jected into the tunnel stilling chamber. Based on the manufacturer’s
manual, roughly 90% of the particles visible to their sizing ap-
paratus (particles with a diameter dp less than 0.5 l m were not
detected) were smaller than 1.0 l m, with a mean particle size of
dp ¼ 0.6 l m (Ref. 13). Thus, the 3-dB frequencyresponse14 ranged
from 60 to 200 kHz, and the Stokes number ranged from 0.06 to
0.14. Finally, the expected uncertainty in the Reynolds shear stress
caused by frequencyresponseranged from 1 to 10% but was heavily
weighted toward 1% (Ref. 15).

The main traverse path ran normal to the wall at x =71.52 cm
(s / d 0 =7.2). The closest position to the wall at which two-
component data could be collected was y ¼ 1.13 mm. Because the
514.5-nm beams were oriented parallel to the wall, it was possible
to obtain measurements of the u-velocity component down to y ¼
0.70 mm.

Each data point in a given pro� le represents a separate tunnel
run. During a given run, data were collected for a period of 12 s
after the tunnel had reached steady state. Average data rates varied
across the boundary layer, but were generally in the range of 0.5–

2.5 kHz. To validate the data collectiontechniquesused in this study,
data were � rst collectedin thezero-pressure-gradient test sectionfor
comparison to data in the literature16– 20; once a positivecomparison
hadbeen achieved,data collectionin the favorablepressure-gradient
test section was initiated. The zero-pressure-gradient comparisons
are presented in the Results section.

Data-Reduction Procedures
The local Mach number was calculated from the directly mea-

sured LDV velocity and upstream total temperature in conjunction
with the assumptions of adiabatic � ow and a thermally and calor-
ically perfect gas. The rms value of the � uctuating Mach number
was estimated using the Strong Reynolds Analogy (T 0

0 ¼ 0) and the
assumption of adiabatic � ow throughout the boundary layer. Miller
et al.21 showed that the total temperature turbulence intensity levels
across the presentboundarylayers (both favorableand zero pressure
gradients) were less than 3%.

Direct measurement of the intermittency was not possible with
the present LDV methods. Hence, the intermittency function c u

was obtained indirectly from the � atness data (i.e., c u ´ 3.0/ Flu )
(Ref. 18). The distribution of the intermittency function was com-
paredwith theGaussian integralcurvegivenby c u =0.5(1 ¡ er f v ),
where v =(

p
2f / d u ) ¡ 1(y / d u ¡ } ). The constants f and } were ad-

justed until the Gaussian curve matched the measured distribution;
“such a curve shows that the instantaneous position of the edge of
the boundary layer has random character with a mean position at
y / d u =[} ].”18 The constant f represented the standard deviationof
the boundary-layeredge from } .

Accurate, direct measurement of the wall shear stress in the pres-
ence of a pressure gradient is very dif� cult.22 Hence, an approxi-
mate indirect method was used here to estimate s w . Through use

Table 1 Flow� eld and boundary-layer properties

Gradient ue , m/s Me C f s w , Pa d u , mm d ¤
i , mm h i , mm dmax Re/m, 1/m

Zero 602 2.8 0.0016 70.0 9.9 1.3 0.62 ¼ 0 1.80 £ 107

Favorable 607 2.9 0.0012 44.0 12.0 1.4 0.89 0.1 1.64 £ 107

of the Couette � ow assumption, one can see that the boundary-
layer shear stress should tend toward the value of the wall shear
stress. Integration of the momentum equation leads to the rela-
tion l @ū / @y + s T

xy = s w + (dpe /dx)y. In the logarithmic region
l @ū / @y ¿ s T

xy , and so s T
xy

»= s w + (dpe / dx)y. Therefore, mea-
surementsof ¡ ¯q u 0 v 0 ( ¼ s T

xy in the Favre-averagedapproach15 ) in the
logarithmicregioncan be used alongwith a measurementof @pe / @x
and the distance from the wall to estimate the wall shear stress. For
the zero-pressure-gradient case @pe / @x ¼ 0, and so s T

xy
»= s w , and

the wall shear stress can be estimated directly from the LDV mea-
surements.

To provide con� dence in the preceding technique, the wall shear
stress was also calculated using the van Driest II skin-friction re-
lationship for the zero-pressure-gradient case.23 This relation is for
turbulent � ow over a � at plate. To estimate the skin friction, the
zero-pressure-gradient wind tunnel was modeled as a � at plate in
uniform � ow where the throat of the wind tunnel was taken as the
leading edge of the � at plate. However, the preexistence of a very
thin boundary layer at the throat and the favorablepressuregradient
generatedby the expansionin the nozzleincreasedthe uncertaintyin
the estimate. However, the expansion region was concentratedover
the � rst 15% of the � ow, and the Van Driest II estimate of the wall
shear stress agreed to that of the Couette � ow assumption to within
5.0%, which was within the §10% uncertainty of the correlation.

Results and Discussion
Mean Flow Characteristics

Conventional wall-pressure measurements were acquired in
the favorable pressure-gradient region at x =63.22, 68.92, and
71.52 cm, and the results were pw / p0, 1 =0.037, 0.025, and 0.023,
respectively. Applying an upwind-difference approximation to the
wall-pressure data, the streamwise derivative of the wall pressure
@pw / @x was estimated as ¡ 2.0 £ 104 Pa/m. The rate of change of
the edge pressure @pe / @x was assumed to be equal to the rate of
change of wall pressure. (Companion computational � uid dynam-
ics results24 support this assumption.)

All of the LDV measurements were validated by comparing
the zero-pressure-gradient data collected in the current experiment
to similar results from the literature. Once the credibility of the
turbulence measurements was established, data were acquired in
the favorable pressure-gradientboundary layer. Thus, the measure-
ment results in this section are presented as zero-pressure-gradient
data compared to the literature data. Following this, the favorable
pressure-gradient data are compared to the zero-pressure-gradient
data to discern the pressure gradient/curvature effects. The wind-
tunnel boundary-layer properties and the uncertainty analysis are
presented in the Boundary Layer History and Uncertainty Analysis
Section.

For reference purposes the boundary-layer � ow� eld properties
are summarized in Table 1. Note, for comparisons with pitot-
pressure data, the Mach number boundary-layerheights were mea-
sured to be 9.0 and 11.0% larger than the velocity values listed in
Table 1 for the zero and favorable pressure gradients, respectively.

The nondimensional mean u-velocity pro� les for the zero and
favorable pressure-gradientmodels are compared in Fig. 2a. Con-
ventional probe (CP) data collected in the same facility21 are also
presentedfor comparison.The agreementbetween the presentLDV
and the preceding data was considered excellent. The favorable
pressure-gradientboundary-layervelocitydefectwas slightly larger
in the outer region and slightly smaller in the inner region as com-
pared to the zero-pressure-gradient boundary layer.

The nondimensional mean v-velocity pro� les are presented in
Fig. 2b;data fromthe literaturewereunavailableforcomparison.For
the zero-pressure-gradient case v did not go to zero in the freestream
as expected. This indicated a slight angular misalignment of the
lasers with the wind-tunnelwall (¼ 1.7 deg). The favorablepressure
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a) Streamwise mean velocity pro� le

b) Normal mean velocity pro� le

Fig. 2 Mean velocity pro� les.

gradienthad the effect of inducinga nearly linear increase in v away
from the wall.

Strain-Rate Pro� les
The wall-normal and streamwise strain rates are presented in

Figs. 3a and 3b, respectively. The favorable pressure gradient did
not have a large effect on the normalized strain rates in the direction
normal to the wall (the @/ @y strain rates). However, the scaling fac-
tor d / ue was increased by 20.0% in the favorable pressure-gradient
region, indicatinga 20.0% increase in the absolutemagnitudeof the
@/ @y strain rates as well. This increase in the absolute magnitudes
also applies to the @/ @x strain rates.

In the outer region, the � ow was accelerating (@ū / @x > 0). The
center of the boundary layer was relatively acceleration free, and
the interior boundary-layer � ow was decelerating. Thus in the in-
ner region, the � ow had already acceleratedas much as possible (at
an upstream station) and was beginning to decelerate again. This
variation in the accelerationwas caused by the supersonic (i.e., hy-
perbolic) nature of the � ow and the associated temporal/spatial in-
terval needed to transmit wall-curvatureeffects downstream. Thus,
as observed, the pro� les of the � ow� eld data (mean velocities,
turbulence intensities, etc.) across the boundary layer were ex-
pected to depend on the wall-curvature distribution, the distance
from the wall and the Mach-number pro� le across the boundary
layer.

The favorable pressure gradient also shifted @v̄ / @x from the � at-
plate value of zero to a � nite negative value; this value decreased
as y / d increased, starting at ¡ 0.04 near the wall and decreasing
to ¡ 0.08 near the freestream. This indicated greater curvature of
particle trajectories near the wall (i.e., the streamlines were diverg-
ing). The values of @ū / @z and @v̄ / @z were also measured for the
favorable pressure-gradient test section—these values were found
to be at least an order of magnitudebelow any other measured strain
rate and were considerednegligible,as was expected for the present
two-dimensional � ow.

Smith and Smits2 point out that Clauser’s equilibrium parameter
is not always suf� cient for characterizing the strength of a pres-

a) Wall-normal strain rates

b) Streamwise strain rates

Fig. 3 Mean strain-rate pro� les.

sure gradient in supersonic � ows. For instance, a pressure gradi-
ent generated by a curved wall will affect the strain rates differ-
ently than the same pressure gradient generated over a � at plate or
a sharp corner. Smith and Smits characterized a distortion 0.1 as
strong. The maximum value of d in this study was for the @v̄ / @y
strain rate; its magnitude was approximately 0.1, which indicated
that the distortion created by the favorable pressure gradient was
strong.

Turbulence Intensities
Turbulence intensities were measured for both components of

velocity; the zero and favorable pressure-gradient � ow results are
presented in Fig. 4. Normally, the turbulence intensity data are pre-
sentedusingMorkovin’s similaritycoordinates25 in order to account
for compressibilityeffects.However, becausemost of the data plot-
ted here are at M =2.8–2.9, Morkovin’s scaling was not used; this
minimized the uncertainty associated with the data in Fig. 4. Data
from the literature are also presented for comparativepurposes.Fo-
cusing � rst on Fig. 4a, close agreement was observed between the
present u-component LDV data and that of Elena and LaCharme.16

Although not as close, agreement with the LDV data of Robinson
et al.17 was also reasonable. In contrast, the high-speed hot-wire
data of Kistler20 and Miller et al.21 are in close agreement with each
other, but suggest signi� cantly smaller near-wall turbulence inten-
sities than do all of the LDV measurements. Finally, the LDV data
appeared to follow the incompressiblehot-wire data of Klebanoff,18

which, based on Morkovin’s hypothesis,25 was the expected re-
sult. Similar agreement was found for the v 0 turbulence intensity
results.

Figure 4b provides a comparison of the favorable and zero-
pressure-gradientturbulenceintensities.The favorablepressuregra-
dientsigni� cantlyreducedthe turbulenceintensitiesin the lowerhalf
of the boundary layer, where 70 and 30% reductions for the axial
and transversecomponents,respectively,were seen.However,above
y / d ¼ 0.5 the turbulencelevels were essentiallyunchanged.The re-
duction in turbulence intensities was expected given the reported
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a) Zero-pressure-gradient streamwise turbulence intensities

b) Favorable-pressure-gradient-to-zero-pressure-gradient comparison

Fig. 4 Turbulence intensity pro� les.

stabilizing properties of a supersonic favorable pressure gradient.1

In both the zero and the favorablepressure-gradientregions,the � uc-
tuating Mach number (estimated from the data shown in Fig. 4b)
was found to be much less than unity; in both cases the maximum
value of M 0 was nominally 0.3 and was located at y / d ¼ 0.3.

Reynolds Shear Stresses
Recall that the Reynolds shear stress is formally de� ned for com-

pressible � ows as s T
xy = ¡ ¯q u 0 v 0 ¡ ū q 0 v 0 ¡ v̄ q 0 u 0 ¡ q 0 u 0 v 0 . Hence,

within this paper the label “Reynolds shear stress” is referring to the
kinematic Reynolds shear stress, i.e., ¡ ¯q u 0 v 0 . Shown in Fig. 5a is
a comparison between the present zero-pressure-gradient turbulent
shear-stress results and the data from previous studies; considering
the relatively large scatter associated with the data and the scaling,
theagreementwas consideredqualitativelyverygood.The Reynolds
shearstressesscaledby localmeanquantitiesarepresentedin Fig. 5b
for both the favorable and zero-pressure-gradient cases. The favor-
able pressure gradientwas seen to reduce ¡ ¯q u 0 v 0 by approximately
75% near the wall. Based on previousstudies,1 this was the expected
result. The negative Reynolds shear stresses above y / d ¼ 0.4 were
at � rst a surprisingresult. However, similar values were reportedby
Arnette et al.11

The negative Reynolds shear stress coupled with the positive
@u / @y strain rate is an intriguingfeatureof this � ow. From a gradient
transport modeling perspective, the negative shear stress translates
into a negative eddy viscosity. While other researchers have mea-
sured similar negative Reynolds shear stress values,11 the physical
mechanisms, which are responsible for the change in sign, are not
well understood. An examination of two mechanisms responsible
for reducing the Reynolds shear stresses is presented in the next two
sections.

Reynolds-Stress Production
The Reynolds-stress and strain-rate measurements allowed for

the calculation of important terms in the Reynolds-stress equation.
The large effects of the favorable pressure gradient on the turbulent

a) Zero-pressure-gradient turbulent shear stresses scaled by local wall
shear stress

b) Favorable-pressure-gradient-to-zero-pressure-gradient comparison

Fig. 5 Turbulent shear-stress pro� les.

Fig. 6 Turbulent shear-stress production.

shear stresses have often been attributed to the extra production3

(i.e., the production from terms that would normally be neglected
from a boundary-layer analysis perspective). However, the magni-
tude of the effect is roughly an order of magnitude larger than the
expected values of the extra production terms.3 Hence, the present
analysis focuses on the measurements of the Reynolds-stress pro-
duction terms,26 ¡ s T

xx (@v̄ / @x), ¡ s T
xy (@v̄ / @y), ¡ s T

xy (@ū / @x), and
¡ s T

yy(@ū / @y). The transportdata were scaled by d / ( ¯q u3
e ). This scal-

ing was used so that only directly measured LDV data are plotted
in Fig. 6.

Examination of the data in Fig. 6 showed that, in the zero-
pressure-gradient test section, virtually all of the Reynolds-stress
productionwas caused by the ¡ s T

yy(@ū / @y) term, as expected. This
term also played a signi� cant role in the favorablepressure-gradient
test section as well. However, the ¡ s T

xx (@v̄ / @x) term had increased
as a result of the wall curvature to a point where it became signi� -
cant. The negative value of ¡ s T

xx (@v̄ / @x) resulted in a reduction in
the magnitude of the overall sum of the Reynolds-stressproduction
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a) Comparison of terms in Eq. (2)

b) Transformed shear stresses

Fig. 7 In� uence of the coordinate system on the turbulent shear
stresses.

(also shown in Fig. 6). Above y / d ¼ 0.5 the total Reynolds-stress
production was slightly negative. The location of the negative pro-
duction in the boundary-layer pro� le coincided with the negative
Reynolds shear-stress values in Fig. 5b.

The pressure-work terms were estimated from the LDV data us-
ing the strong Reynolds analogy and the assumption of negligible
pressure � uctuations. However, the magnitudes were an order of
magnitude below the magnitude of the ¡ s T

xx (@v̄ / @x) production
term shown in Fig. 6.

In� uence of the Coordinate Transformation
on the Reynolds Shear Stress

The use of the body-intrinsiccoordinatesystem also played a sig-
ni� cant role in the shear-stressreduction.For a given transformation
angle u the relationship between and u 0

1v
0
1 and u 0

0v 0
0 is

u 0
1v

0
1 = 1

2

¡
r 2

u0
¡ r 2

v0

¢
sin(2 u ) + u 0

0v 0
0 cos(2u ) (2)

Figure 7a compares the term 1
2
( r 2

u ¡ r 2
v ) to u 0 v 0 for both the fa-

vorable pressure gradient and the zero-pressure-gradient data; in
both cases the � rst term is at least twice the velocity correlation.
The in� uence of the coordinate system is further demonstrated by
performing the transformation of the zero-pressure-gradient data
into the favorable pressure-gradientcoordinate system (at the mea-
surement location u =8.14 deg), as shown in Fig. 7b; note that for
consistency the transformed velocity correlation has been scaled
by (ū1)2 = (ū0 cos u ¡ v̄0 sin u )2 . As the data in Fig. 7b indicate,
when transforming the zero-pressure-gradient data into the fa-
vorable pressure-gradient coordinate system the magnitude of the
Reynolds shear stresses were signi� cantly reduced, but the values
were still everywhere positive, indicating that the coordinate trans-
formationalonewas notresponsiblefor thenegativeReynoldsshear-
stress values.

The nearly equal transformed zero and favorable pressure-
gradient turbulent shear-stress results in the inner region could

a) Zero pressure gradient

b) Favorable-pressure-gradient-to-zero-pressure-gradient comparison

Fig. 8 Intermittency pro� les.

be interpretedas indicating that the pressure gradient is not altering
the Reynoldsshearstresses in the near-wall regionand that theentire
change is caused by the coordinate transformation.Recall from the
strain-rate pro� les and Reynolds-stressproduction sections that the
� ow was already decelerating (implying an adverse pressure gra-
dient, which is destabilizing1) in the inner region of the boundary
layer, and the Reynolds-stress production in this region was pos-
itive. Thus, the near-wall shear stresses were disturbed (reduced)
from their zero-pressure-gradient values by the initial acceleration
and then began to increase again when the � ow began to decelerate,
and as shown by Smith and Smits,9 turbulent � ow properties rapidly
respond to the mean � ow.

Intermittency and Skewness
The � atness data were used in the calculation of the intermit-

tency function. The pro� le of the zero-pressure-gradient intermit-
tencyfunctionagreedwell with thedata fromElenaand LaCharme16

(Fig. 8a). The curve � t to the data from Elena and LaCharme had
f =0.114d and } =0.64, whereas in the presentexperimentthe val-
ues were f =0.22d and } =0.68. This showed that the boundary-
layer edge was essentially at the same location as that reported by
Elena and LaCharme, but the standard deviation from the mean po-
sition was almost twice as large. However, referringback to Fig. 8a,
the intermittency data points between the two studies were within
» 0.1 of each other across the boundary layer. Hence, the curve-� t
parameter f over emphasized the differences in the two data sets.

The intermittency pro� le for the favorable pressure-gradient re-
gion is compared to the zero-pressure-gradient intermittency in
Fig. 8b. The error function curve � t showed that for the favor-
able pressure-gradient region } =0.80 and f =0.17d . Becasue }
represented the random location of the boundary-layer edge, the
favorable pressure gradient was seen to push this location outward
as compared to the 0.68 zero-pressure-gradient result. Comparison
of the magnitudes of the zero and favorable pressure-gradient in-
termittency pro� les showed that, although the favorable pressure
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a) Zero pressure gradient

b) Favorable pressure gradient to zero pressure gradient

Fig. 9 Skewness pro� les.

gradient decreased the magnitudes of the velocity � uctuations (see
Fig. 4b), it caused the � ow to be turbulent for a higher percentage
of time. The intermittency for all of the data (including Elena and
LaCharme) exceedsone. This discrepancyis attributed to the uncer-
tainties and to the use of the � atness to provide indirect estimates
of the intermittency.

Like the already described LDV data, the present zero-pressure-
gradient skewness results compared very well with the results of
Elena and LaCharme (Fig. 9a). Comparison of the zero and fa-
vorable pressure-gradient skewness data (Fig. 9b) showed that the
favorablepressuregradient reduced the magnitudeof both the u and
v components of skewness. In the zero-pressure-gradient case, the
high negative value of Sku and high positive value of Skv showed
that more particles were crossing through the measurement volume
from the side nearest the wall (below the measurement volume).
The favorable pressure gradient reduced the skewness levels, indi-
catinga more-balancednumberof particlesenteringfromaboveand
below. In addition, in the favorable pressure-gradientcase Skv was
positivebelow y / d ¼ 0.4 and negative farther out into the boundary
layer.

Turbulent Flow Structure
The favorable pressure-gradient� ow experienced an increase in

the mean � ow velocity and a decrease in the turbulence intensi-
ties. When taken together, these two pieces of data indicated that
the slower particles were getting accelerated more than the faster-
moving particles. The additional acceleration given to the slower
particlescan be explainedusingbasicphysicalarguments:as thepar-
ticles traveled through the pressure-gradient region, they received
an impulse I =

R
F dt , where F is the force applied to a particle

over time. The force applied by the pressure gradient is a function
of position only [F = F(x , y)] so that I =

R
(F / V ) ds, where V

represents the magnitudeof the particle’s total velocity and ds is the
distancetraveledby the particle.Thus, for a given trajectorythrough
the pressure-gradient region, the slower-moving particles received
a larger impulse and were accelerated more than the faster-moving
particles. If the pressure-gradientregion is strong and long enough,
eventually all of the particles would travel at the same speed, i.e.,
the � ow would be relaminarized.

On the average the particles nearer to the wall were traveling
slower than those farther out in the freestream and were also sub-
jected to a larger force per unit length than the freestream particles.
Thus, the mean velocity in the inner portion of the boundary layer
was increased more than the mean velocity in the outer region. This
would appear as a smaller velocity defect in the inner portionof the
favorable pressure-gradientboundary layer. Although this reduced
velocity defect was not readily apparent in Fig. 2b, it was obvious
in the data presented by Arnette.11 The reason this difference in the
velocity pro� le is not apparent in the present study is a result of
the strain-rate variation across the boundary layer, speci� cally the
deceleration in the inner region of the boundary layer.

The favorable pressure gradient increased the intermittency. For
the intermittency to increase while the turbulence intensities de-
creased, the large-scale eddies must have been broken down into a
greater number of smaller-scale eddies. That is, the intermittency
was increased because of a larger number of eddies, but each eddy
had a smaller � uctuatingvelocity.The reduced� uctuationlevelsand
reduced shear-stress correlation coef� cients (turbulent shear stress
normalized by the axial and transverse turbulence intensities) are
used as indicators that the � ow is becoming more isotropic. It is not
suggested here that the � ow was becoming isotropic, instead the
tendency of the � ow to approach an isotropic state is taken to en-
hance the notion that the large-scale structureswere disintegrating.
The tendencyof the � ow to approachisotropy is also consistentwith
the skewness measurements,where the skewness measurements in-
dicated that the favorable pressure gradient evened out the number
of particles entering the measurement volume. The breakdown of
the turbulent structures is also consistent with the overall stabiliz-
ing effect of the favorable pressure gradient, where, as energy is
redistributedto the smaller turbulent scales, the amount of available
energy to be dissipatedby the � ow increases27 and the � ow becomes
more stable.

Boundary-Layer History and Uncertainty Analysis
The wind-tunnel boundary-layer history and a detailed uncer-

tainty analysis are described in this section. Shown in Fig. 10a are
the mean velocity and turbulent shear-stress pro� les obtained at
x =44.0, 71.52, and 81.46 cm. As indicated, the mean and tur-
bulent statistical � ow properties had achieved equilibrium by the
x = 44.0 cm location (i.e., when plotted as scaled in Fig. 10, the
data collapse). The skin-friction coef� cients and boundary-layer
heights, along the tunnel centerline, are plotted in Fig. 10b. The
skin-friction coef� cient was directly measured with a � oating ele-
ment skin-frictionsensor28 at x =81.46 cm, and the result agreed to
within 2.0% of the Van Driest II prediction, as shown. The Couette
� ow assumption produced results that agreed to within 5.0% of
the Van Driest II correlation at x =71.52 cm. Applying the Cou-
ette � ow assumption to the Miller et al.21 cross-� lm data in Fig. 10,
the skin-frictioncoef� cientat x =44.0 cm was estimatedas 0.00185
with a relatively large scatter of approximately §15%. The Van
Driest II skin-frictioncoef� cientat this locationwas 0.00172,which
was within 7.0% of the Couette � ow estimate. The boundary-layer
heightcorrelationthat resultedfrom integratingthe integralmomen-
tum equation, assuming a � at plate starting at the nozzle throat and
1
7
th velocity power law29 and correcting for compressibility as de-

scribed in Van Driest,23 produced the correlation shown in Fig. 10b
that agreed with the measurements to within §5.0%.

A standard uncertainty analysis,30 accounting for proble loca-
tion, transducer calibration, and repeatability (95% con� dence in-
terval,assuminga Student t distributionover18–20 tests30 ), was per-
formed for the conventional pressure and temperature probe data.
The uncertainties in the freestream total pressure, static pressure,
total temperature,and Mach number were estimated as §1.0, §6.4,
§1.1, and §1.5%, respectively.

The uncertainty analysis of the LDV data accounted for probe
volume location, record length, velocity gradient broadening,31, 32

laser-beamangularalignment,seed bias,32 densitybias, coincidence
� ltering,and repeatability.The resultsof theuncertaintyanalysisare
summarized in Table 2, and the procedures are outlined next.

The probe volume location analysis follows the procedures out-
lined in Ref. 30. The probe position uncertainty was 0.074 mm
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Table 2 Uncertainty estimatesa (in the units plotted in Figs. 2–9)

D ū/ ue D v̄ / ue D p
u 0 2 / ūe

D p
v 0 2 / ū

D
u 0 v 0 / ū2 D Sku D Skv D c

y / d ( £ 102 ) ( £ 102 ) ( £ 103) ( £ 103) ( £ 104) ( £ 10) ( £ 10) ( £ 10)

0.07b 2.1, 1.6 2.6, 2.6 2.6, 1.7 NA NA 5.1, 5.6 NA 1.9, 1.8
0.15 1.3, 1.1 2.8, 2.8 2.1, 1.3 0.8, 0.7 0.2, 0.2 2.7, 2.7 1.0, 1.0 1.9, 1.7
0.20 1.3, 1.1 2.8, 2.8 2.1, 1.3 0.8, 0.7 0.7, 0.1 2.3, 2.2 1.2, 1.0 1.9, 1.8
0.30 1.5, 1.2 3.0, 3.0 2.1, 1.3 0.8, 0.7 1.0, 0.3 2.6, 1.9 2.0, 1.3 1.7, 1.9
0.50 1.4, 1.2 3.3, 3.3 1.9, 1.3 1.1, 0.8 2.9, 0.4 3.8, 2.2 4.4, 3.0 1.4, 1.9
1.00 1.2, 1.2 3.5, 3.5 1.5, 0.9 1.1, 0.7 0.4, 0.2 5.8, 3.8 4.8, 8.3 0.4, 0.6

D dū / dy D dū / dx D dv̄ / dy D dv̄ / dx D s x x dv / dx D s xy dv / dy D s xy du / dx D s yy du/ dy

y / d ( £ 10) ( £ 102 ) ( £ 103) ( £ 104) ( £ 105) ( £ 106 ) ( £ 105 ) ( £ 104)

0.15 1.5, 1.1 2.0, 1.5 1.4, 4.5 2.7, 8.3 1.7, 3.1 1.4, 2.1 2.0, 0.7 1.5, 0.7
0.20 0.9, 0.8 1.3, 1.1 3.0, 5.4 5.6, 10 3.5, 3.9 3.2, 0.8 1.4, 0.1 1.0, 0.6
0.30 0.9, 0.8 1.4, 1.2 3.6, 6.9 6.6, 13 4.5, 5.6 1.9, 0.5 0.8, 0.0 1.0, 0.7
0.50 1.0, 0.9 1.6, 1.4 3.1, 9.1 5.8, 17 3.8, 8.0 1.4, 1.3 0.7, 0.1 0.8, 0.7
1.00 1.0, 0.9 1.7, 1.5 4.3, 13 7.0, 17 4.7, 10 0.1, 2.4 0.0, 0.1 0.2, 0.2

aLeft entry: zero pressure gradient; right entry: favorable pressure gradient.
bSingle-component x data were acquired for y / d < 0.15.

a) Turbulent shear-stress and mean velocity pro� le data

b) Skin-friction and boundary-layer thickness

Fig. 10 Zero-pressure-gradient � ow� eld properties along the tunnel
centerline.

plus an accumulation that resulted from a 0.01-mm hysteresis. For
the present record length of 16, the record length uncertainties
in u and v were §0.095 and 0.090 m/s (based on manufacturer’s
speci� cations), respectively.Gradient broadening bias results from
the velocity gradient across the measurement volume. The error in
the mean velocity is caused by the nonlinearity of the velocity pro-
� le across the measurement volume. A conservative estimate was
derived,assuming the logarithmicpro� le across the boundary layer.
Because the v /ue was nearly constant or linear for the zero pres-
sure gradient and favorable pressure-gradient � ows, respectively,
D v̄ / ue

»=0. The relations for statistical properties relations (the re-
maining columns in Table 2) were obtained by assuming that the
velocity within the control volume could be representedby a Taylor
series,whereonly the � rst-orderterm was retained.31 The u-velocity
gradient was estimated by differentiating the theoretical law of the

wall equation with the wake function included.29 The v-velocity
gradient was zero for the zero pressure gradient and » 4000/s (see
Fig. 2b) for the favorable pressure gradient. The angular alignment
uncertainty relations were estimated by applying an angular rota-
tion with small angleapproximations,where D u was approximately
§0.035 rad.Seed bias resultsbecausethe probevolumeexperiences
a largernumber of highervelocityparticles.32 The propermethodof
averaging to account for seed bias remains unproven; however, the
suggestionwas made that the statisticalaveragesshouldbeweighted
by the particle transit time.32 The seed bias uncertaintywas derived
by de� ning the uncertainty by the difference between conventional
time averaging (the method used here) and the particle-transit-time-
weighted average.Similarly, density bias results because the higher
densitiescontaina larger concentrationof particles.Hence, the burst
spectrum analyzer registers a larger number of the higher-density
� ow particles.As was the case for the seed bias, the densitybias rela-
tions were derived by de� ning the differencebetween conventional
time averagingand a density-weightedaveragingas the uncertainty.
To simplify the analysis, the strongReynoldsanalogy1 was invoked.
The resulting seed and density bias equations were similar in form
and were combined,taking into account that the highervelocity� ow
had a lower density. Coincidence � ltering was performed to ensure
that both the u- and v-component burst spectrum analyzers were
observing the same particle. The coincidence� ltering uncertainties
were estimated by processing the data with and without coinci-
dence � ltering and taking the difference between two outputs. A
95% con� dence interval (assuming a Student t distributionwith 18
samples) was used to quantify the data repeatability. Propagation
of the preceding uncertainties through all of the acquired data was
performed.30 The total uncertainty values listed in Table 2 (in the
units plotted in Figs. 2–9) were obtained by an Euclidean norm of
the uncertainties just listed.30 Because the uncertaintieswere small,
corrections were not applied.

Conclusions
The main goal of the present study was to use LDV to investi-

gate the effects of a favorable pressure gradient on the mean and
turbulent � ow properties of a supersonic boundary layer (M =2.9,
Rex =1.23 £ 107). A speci� c goal of the present work was the res-
olution of the mean strain rates to aid in interpreting the exper-
imental results. A detailed examination of the � ow properties and
processeswas performedto provideinsight into the physicsinvolved
with supersonic curvature-driven favorable pressure-gradient � ow.
In general, the results of this study describe the in� uence of the
wall curvature-driven favorable pressure gradient on the mean and
turbulent statistical � ow properties.

Overall, the turbulence data indicated that the present favorable
pressure gradient had the expected stabilizing effect on the turbu-
lent quantities. Near the wall the streamwise turbulence intensities
were about 30% of the correspondingzero-pressure-gradient value,
but above a height of y / d ¼ 0.5 the favorable pressure gradient had
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relatively little effect. The magnitude of the Reynolds shear stress
was also reduced by the favorable pressure gradient; in the near-
wall region it was approximately25% of the zero-pressure-gradient
value, and in the outer region (y / d > 0.5) the kinematic Reynolds
shear stresses were negative and the principle strain rates positive.
The three-dimensionalstrain-ratemeasurements and the associated
extra production indicated that the overall turbulence production
was also negativein the outer half of the favorablepressure-gradient
boundary layer. In addition, the use of a body-intrinsic coordinate
system contributed to the reduced shear-stress levels. A result that
had an important impact on the local � ow structure, which was de-
termined from the strain-rate measurements,was that the favorable
pressure-gradient axial velocity was accelerating in the outer half
of the boundary layer and decelerating in the lower half. This vari-
ation in the axial strain rates in� uenced the turbulence levels across
the boundary layer. Last, the present data collectively indicated that
the favorable pressure gradient was disintegrating the large-scale
eddies into smaller ones. This redistributionof energy increased the
amount of turbulent energy available for dissipation by the � ow,
which in turn had the observed stabilizing effect on the boundary
layer.
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